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MATHEMATICS AND MECHANICS

BBEJIEHUE

Perienuss MHOTHMX 3a/lad MaTeMaTH4eCKOW (DM3MKH, TEXHUKH U SKOHOMHKH BBIPAKAOTCS
Yyepes Tak Ha3bIBaeMble CIeHabHbIC QYHKIMU. B Teopuu criennanbHbIX (QyHKIMH BXKHOE MECTO
3aHUMAIOT (PYHKIMH TUnepreoMerpuueckoro tuna. OHM MOTYT OBITh 3alUCaHbl KaK JTUHCHHBIE
KoMOuHaIu uHTerpainoB Memmna—bapuca [1, ¢. 63; 2, ¢. 7]

~ (a; + a;s)T(bj — Bjs)  _,
I(Z) _lf ll]_[ F(Ck + )/kS)F(dl — 615) z dS, (1)

rie L — HeKOTOpbIi OECKOHEYHBIA KOHTYD; &, Bj, Yk, 6; — NEHCTBUTENIBHBIE MOJIOKHUTEIBHBIE
uucna, a;, by, ¢y, d; — KOMIUIEKCHBIE TAPAMETPBI, Z — KOMIUIEKCHAS TIEPEMEHHAS.

Wurerpansl Buga (1) BrepBbie ObLIM BBEACHBI MTAIBIHCKMM MaTeMaTHKOM CaibBaTrope
[Munyepiie B 1888 roay (Salvatore Pincherle, 1853-1936) [12]. Ux Teoputo pa3Buiii aHTITHACKAN
matemaTuk DpHecT Yubsim bapuc (Ernest William Barnes, 1874-1953) u ¢uHCKHiT MaTeMaTHK
Snmap Memmun (Hjalmar Mellin, 1854-1933) [6, 7, 15, 16].

B cnyuwae, ecin a; = fBj = yx = 8; = 1, KoHTYp L y/IOBIETBOPSET HEKOTOPBIM YCIIOBHAM M
unrerpai (1) cxomutes, To byukius [(z) ceogurcs k G-pynkuuu Meitepa [1, ¢. 203; 10; 11; 13].
O6o006menueM GpyHkuu Meliepa sBisercs H-(byHKL[I/H/I doxkca [8]:

Hyo'(2) = f Hye'(s)z™ ds,
L

L T(bj + Bis) [Ty T(L — a; — ay5)
] =n+1 I(a; + a;s) l_[] =m+1 ( - bj - ﬁjs)’

rac

Hmn(s)

0<m<gq,0<n<p,aq; ;- NUCTBUTEILHBIE NIOJOKNTEILHBIE YUCIIA, A;, b; — KOMILJIEKCHBIE
napametpsl, i = 1,2,...,p,j = 1,2, ..., q, u OeCKOHEUHbII KOHTYp L BbIOMpaeTcst TaKUM 00pa3oM,
4qTOOBI MHTErpan cxoauics. MccnenoBaHusM CBOWCTB 3TOW (DYHKLMHU IMOCBSIIEHO JOCTaTOYHO
MHOT0 paboT, CpeTd KOTOPBIX MOKHO BhIIenuTh [8; 9; 13; 14; 16]. OxHako, Kak OTMEYEHO B paboTe
[2, c. 8], ciumkoM o0lIMe pe3ynbTaThl OCTAIOTCS aOCTPAKTHBIMHM, U HEKOTOpPbIE CBOMCTBA M
(yHKIMOHATIBHBIE COOTHOUIEHMSI, CIPABEIMBBIE TP YACTHBIX 3HAYEHUSIX MTapaMeTpOB PYHKIIUN
doxkca, MOTYT OCTAaBaThCsl «HEBUIMMBIMUY B OOIIIEM CITyyae.

B nannoii pabote paccMoTpuM yacTHBIN citydail Takoi pyHkuuu dokca, copepxaiiieit ueTsipe
napaMmerpa. Jta (QyHKIMsS BO3HUKAET MPHU PELIEHUH KpaeBbIX 3ajad i AUPPepeHInanbHOro
ypaBHEHHUs C omneparopoM beccens, NEHCTBYIONIMM 10 NPOCTPAHCTBEHHOW NEPEMEHHOM, U
MIPOU3BOIHOM APOOHOTO MOPSIKA M0 BpEMEHHOM nepeMeHHoi# [4; 5]:

Byu(x,y) = Dgyu(x,y) = 0

d ou
Bou=x"" F (xb a)

rac

— omepartop beccens, |b| <1, Dg, — omepatop npo6HOro auddepeHImpoBaHHs B CMBICIE
Pumana—JInyBunis nopsiaka @, KOTOpsIi onpenensercs caeayromum odpasom [3, c. 9]: Dg,u =
Uy, ECIH @ = 1,u
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MATEMATHKA 1 MEXAHUKA

1 0 ryu(xt)dt
r(1-a)dy ’0 (y-t)@ ’

Dgyu(x,y) = ecm 0<a<l.

Jlnst paccMaTpuBaeMoi (DYHKIIMH HCCIEIYETCS BOIPOC CXOAMMOCTH HMHTerpana MesutnHa-
Bapnca. ITonydeHbl TIPEICTaBICHNS B BUJIE CTEIIEHHBIX PSIIOB M ACHMIITOTHYECKUE Pa3I0KEHUsI
npyd OONIBIIOM M MAaJlOM 3HAa4€HUSAX apryMeHTta. IIpy YacTHBIX 3HAYEHHUSAX IApPAMETPOB
paccMmarpuBaeMasi QYHKIUS IIEPEXOAUT B HEKOTOPBIE M3BECTHBIE DJIEMEHTAPHBIE M CIICIHAIBLHBIE
byHKIMN.

1. BCIIOMOT'ATEJIbHBIE CBEJIEHUA

Hanee B padote

oo

I'(s) = f e ttS71dt, Res >0
0

— ramMma-dynkuus Ditnepa [1, €. 5; 2, ¢. 15].

Kak u3BectHo, I'(S) aHATUTHYHA B KOMILJIEKCHOM TIOCKOCTH S BCIO/TY, KDOME TOUCK S = —N, N =
0,1,2, ..., B KOTOPBIX HUMEET IOJIFOCHI TIepBOro mopsiaka ¢ Beraetamu (—1)™/n!. CooTBETCTBEHHO,
I'(—s) BToukax s = n, n = 0,1,2, ... IMEET MOJIIOCHI TIEPBOro MopsKka ¢ BeideTamu (—1)™+1/nl.

st raMmma-(yHKIUM CIIpaBeUIMBhI (popMyJia TOTIOTHEHUS

[(s)(1—-s) = 2
(A~ s) = —— @
u dpopmyia ynBoeHus Jlexanapa
2s5s—1 1
I'(2s) = FsF<s+—). 3
(29) =—=T@I (s +3 3)

Ilpu |s| = oo ramma-yHKIUSI ACHMITTOTHYECKH pasiaraercs o Gpopmysie Ctupiunra [2, €. 40]:
I'(s) =\2msS~1/2¢~s [1 + %25 + 0(5‘2)], largs| < . (4)
Ilpu |s| = oo u |y| — oo cpaBeIMBO paBEHCTBO

IP(x +iy)| = V2m|y|*"2e ™12 [1 + 0(1/y)], |yl >0, (5)

TAC X,y — BCIICCTBCHHBIC BEJINYMHEI.

2. OCHOBHBIE PE3YJIbTATEI

Ilycts p >0, u,0 u v € C. PaccmoTpuM (yHKIHMIO KOMIUIEKCHOTO MEPEMEHHOIO Z,
MPEJICTABICHHYIO HHTETPAIOM:

1 -2s
V@) = f 0(s) (;) ds, (6)
Trae ’
FTv/2+s)I(1—a/2+s)I'(a/2 —5s)
T(u—po/2+ps)TA+v/2—-5) '’

6(s) =

L— HCKOTOpPAaA KpuBasd, IIPOCTHUPAIOIIAsICA B OCCKOHEYHOCTb.

Honemurerpansuas Gpynxuus 0(s)(z/2) ™2 aHaIUTUYHA B IIIOCKOCTH S BCIOAY, KPOME, OBITH
MOJKET, JIBYX Cepuil Touek — zesoui cepuu: S = —v/2—k, k=0,1,2,...,s=0/2—-1 —n,n =
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MATHEMATICS AND MECHANICS

0,1,2,...unpasoii cepuu: s = o /2 + 1,1 = 0,1, 2, ... BaTUX ToUKax mogpIHTErpatbHas QyHKIIHU,
BOOOIIIE TOBOpS, MMEET MOJIOCHL. bylneM cuuTarth, 4TO yKa3aHHBIE CEpUU TOUYEK SIBISIOTCS
MPOCTBIMH TOJIFOCAMH, TO ecTb (V + 0)/2 & Z.

KouTyp unterpupoBanus L onpeneianm ciaeayoumm 00pa3om:

1) L = L_, — 5eBas metis, KOTopas pacrojoXeHa B HEKOTOPOW TOPU30HTAJIBHOM IOJIOCe,
HAaYMHAETCS B TOUKE —00 + [(P;, OCTABISIECT BCE IOJIFOCA JIEBOM CEpUU CIIEBA, a PABOM CEPUU —
cIpaBa OT KOHTypa U OKaH4YUBAETCSl B TOUKE —00 + [(,, T1IE @1 < @5.

2) L = L,y — mpaBas MeTJis, KOTOpas Ha4yMHACTCS B TOYKE +00 + (0 U OKAHUYUBACTCS B
TOYKE +00 + [Q,, e @1 < @,, pa3eiiss BbIIIEyKa3aHHbIE MIOJIKCA TaK Ke, Kak U L_ .

3) Li,w =(y —ioo,y +i0),y; <Y <¥2,¥1 = —min {Rev/2,1— Rec/2},y, = Rec/2.

s dysknuu (6) cipaBeivBa Cieayromias Teopema.

Teopema 2.1. Humeepan (6) cxooumcsi, eciu 8bINOIHEHO OOHO U3 CLEOVIOWUX YCIIOBULL:

DL=L_0,p<2,0<|z|<ccump=20<|z|<1l,umup=2]|z|=1, Re(c—pn) +
1/2 <0;

2)L=Liw, p>2,0<|z|<oc0 mm p=2, |z|>1, wm p=2, |z| =1, Re(c —pu) +
1/2 < 0;

AL=Li,p<2,0<|argz|<m(1—-p/2)/2ump =2,2z>0,Re(c —u)+1/2<0.

Jloka3zaTejbCTBO. J[Js1 McClieIoBaHUs CXOMUMOCTH HHTErpaia mo KOHTypy L = L_,, OoleHuM
noasiHTerpanbuyo gynkiuio 8(s)(z/2)7%5 npu s — o, cuuras, uto |arg(—s)| < m, To ecTh
paspes MpOBeJIEH M0 MOJIOKUTEIbHOM mostyocu Im s = 0. JIJOMHOXHM | pa3aeiuM 3Ty QyHKIIUIO
Hal'(1 —v/2 —s)T(1 — u + po/2 — ps) u npumernm Gopmyiry gomnonaenns (2). [Tomyunm

z\7% F(1—u+pa/2—ps)
0(s) (E) TTA+v/2—s)I(A—v/2—5s)

msin (u — pa/2 + ps)n (z)—zs
sin (v/2 + s)m -sin (—a/2 + s)m \2
YuuTeiBas paBEHCTBA

VA —-25

9

= |exp{—2s1In(z/2)}| = |lexp{—2(Res + iIm s)(In|z/2| + iargz)}| =

= exp{—2 Res In|z/2| + 2 Ims arg z}, @)
I'(b— Bs) = O(T'(—Bs)(—Bs)?) =
-0 (exp {(B — BInB)Res — (B Res +— Re b) In|s| + B Ims arg(—s) })

sin (a + As)m = O(exp{mA|lms|}),

KoTopble BeIBOAATCS W3 (opmyn (4) u (2.9) [2, c. 17], nmoaydum CIEAYIOIIYIO OICHKY
MOJIBIHTETpalibHON (yHKLMU TpU Res — —oo:

|9(s) (%)_

+(p—2—plnp)Res + w(p — 2)|Ims| —

2s

= O(exp{—2 Res In|z/2| + 2 Ims arg z +

—[(p —2)Res +1/2 — pRe 6/2 + Reu] In|s| + (p — 2) Ims arg(—s)}).  (8)
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MATEMATHKA 1 MEXAHUKA

['maBHas 4acTh BBIpa)KEHHSI CIIPaBa, TO €CTh (PYHKLUS
exp{—(p — 2)Res In|s|}

CTpeMUTCS K HyJtO Ipu Res — —oo, eciiu p < 2, a z # 0. B ciyuae, korga p = 2, TJ1aBHOU
YacThIO ABIISIETCS YXKe

exp{—2 Res In|z|}.

Oma ucueszaer npu Res - —oo, ecin In|z| < 0, To ecthb |z| < 1. B 060oux ciydasx HHTErpai 1o
7eBoi netie L_,, abCOMOTHO CXOIUTCS, €CIIH CUUTATh, uTo |Ims| orpanuuena nmpu s € L_.
Ecmu p = 2 u |z| = 1, To rnaBHO# yacThio (8) SABIAETCS BBIPAKEHHUE CTEIICHHOTO MOPSIKA

|s|Re©@=M)=1/2 Yurerpan (6) cxoaures, eciu

Re(c —pu)+1/2 <0. 9)
Ecnu p > 2, To noasiHTerpaigbHas QyHKLIUS SKCHOHEHIMAIBHO pacTeT, U UHTerpan (6) mo
JIEBOM IETJIE PACXOUTCH.

[To npaBoii netne L = L, npu Res — +oo unrerpan (6) OyaeT cXxoauTbes, ecnu p > 2, Z #
0, 60 p = 2, |z| > 1. Ecnu p = 2 u |z| = 1, To He0OX01MMO BbIMOIHEHUE YCI0BHUsA (9).

PaccmorpuM ciydvaid, korga |Ims| He orpanuuena npu s € L_g,, TO €CTh KOTJIA JI€Bask TETIIS
MO3KET OBbITh pa3BepHyTa B KOHTYD L;q,. Tak kak KOHTYp L_,, MPOU3BOIIBHBIHN, TO MOKHO CUUTATD,
gro Ims u Res cTpemsrcst K 66CKOHEYHOCTH HE3aBUCHMO APYT OT Apyra npu |s| = o0, s € L_.

Jlns HaxOXKICHUS MOpPsIKA MOABIHTErpajibHOW (yHKIHMU mpu |Ims| — oo Bocmoab3yemcs
ciencTeueM u3 popmyitbl Ctupiuara (5), U3 KOTOPOTO CICAYIOT OICHKU

I'(a + As) = O(exp{(Rea + ARes — 1/2)In|Ims| — wA|Ims|/2}),
I'(b — Bs) = 0(exp{(Reb — BRes — 1/2)In|Ims| — zB|Ims|/2}).
[IprMeHHB 3TH OLIEHKH | OlIeHKY (7), pu |Ims| — co mosyuuM paBeHCTBO
.
|9(s) @

+[(2 — p)Res + pRea/2 — Re u — 1/2]In|Ims| — (1 — p/2) |Ims|}).

2s

= O(exp{—2Res In|z/2| + 2 Ims arg z +

I';1aBHBIN YIEH PaBOW 4YacTH
exp{—m(1 —p/2) [Ims| + 2 Ims arg z}

SKCITOHEHIMAILHO Mcue3aeT rnpu [Ims| — oo, ecmu p < 2 m
0<l|argz| <mn(1—p/2)/2. (10)

[Tpu Takux z unrerpai (6) no KOHTYPY L, CXOAUTCS U onpeaenseT (QyHKUNI0, aHATUTUYECKYIO
B cextope (10).

Ecmm p =2, 10 cnegyer OpaTh NEWCTBUTENIBHOE IMOJOXKUTEIbHOE Z, TO ecTh argz = 0.
['1TaBHBIM WIEHOM B 3TOM Cllydae SIBJISETCS BBIPAXKEHHUE CTENIEHHOTO OPAKa

IImise(a—u)—l/Zl

IIpu Re(6 — 1) + 1/2 < 0 3TOT MHTErpaI CXOAUTCST aOCOMOTHO pH Beex Z = x € (0, ).
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3. [IPEJICTABJIEHUE B BUJIE CTEITEHHBIX PSIJIOB

Vcnonb3ys BeYETH raMMa-(yHKIIMK B OCOOBIX TOYKAX U3 MHTErPAIIbHOTO IpeacTaBieHus (6),
o TeopemMe O BhUeTax [2, c¢.21] HETpyAHO NOJYyYHTH pasiokeHus (QyHkiuu (6) B BHIE
CTETIEHHBIX PSAA0B. A UIMEHHO, CIIPABEJIMBbI CIEAYIOIINE TEOPEMBI.

Teopema 3.1. Ilyems 0 < p<2,0<|z| <0 wm p=2,0<|z| <1, ww p=2, |z| =1,
Re(od — p) + 1/2 < 0. Toeoa umeem mecmo paznodicenue 8 CmenenHou psio

) v+2k - 2—0+2k
eo-Sa @ Tu @
rae - »
_(-D¥ r(1—(w+0)/2-kKI((v+0)/2+k) 12
U = T(u—pv+0)/2—pk)T(1+v+k) ’ o
—1)k — 1=
b (D T((v+0)/2—1~-k) (13)

TTG—p—plTC+ W =0)/2+ k)
Teopema 3.2. Ilycmo p > 2,0 < |z| <0 umu p =2, |z| > 1, uwm p =2, |z| =1, Re(c —
W) + 1/2 < 0. Toeoa umeem mecmo pasznodxcenue

(o]
—o-2k

@ =Y al3) (14)

k=0
rIe

_ (DI( +0)/2+ k)l (1 = (v +0)/2 — 2k)

k F(u+pk)F(1+ (v—0)/2—k) (15)

Pazmoxenwust (11) u (14) umeror mecto u B ciydae, koraa p < 2, 0 < |argz| < n(1—p/2)/2,
wmp=2,z>0,Re(c —pu)+1/2<0.
4. ACUMITTOTUKA
N3 (11) u (14) cneayroT acCUMIOTOTUYECKUE PA3JIOKEHUS

2R (2) = ag (2)”+b0 @Z_UH(ZS), |z >0, (16)

rne ag u by onpenensirorest u3 (12) u (13), § = min {Re v, 2 — Re 0},

-0

z
P (2) = ¢ (E) + 0(z79), |z| = oo. (17)
Paznoxenue (16) cipasemmBoipu 0 < p < 2,a(17)—mpu p > 0.

5. HEKOTOPBIE YACTHBIE CJIVYAH

[Ipyn pa3nuuHbIX 3HAYEHUSX MMAPAMETPOB P, U, 0 U V HETPYAHO MOIYYUTh HEKOTOPHIE
W3BECTHBIC AJIEMEHTapHbBIC U crienuanbHbie GyHkiuu. Hanpumep, ipu p =pu=1,0 =2+ v u3
(6) momyurm

-2s

S (2) = — j row/z+s)(3)  ds

2T
L
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MATEMATHKA 1 MEXAHUKA

rae L = (w — ioo, w + i), w > —Rev/2. Cienas 3aMeHy ePEMEHHON HHTETPHPOBAHUS S = ¢ —
v/2, HaxoauM
-2t

+v 1 v
B @) = 5—(3) f ro3)  d

Ly

rae Ly = (w — i, w + i), w > 0. CpaBuuBas nocnenree npeacrasienne ¢ 3.1(1) [2, c. 136],

IIPUXOJUM K PABEHCTBY
2

1124v o~ _ () _Zz
R (@) = (5) exp( 7 )
I[Ipu p = u =1, 0 = v u3 (6) nostyuum

1 Frw/2+s)I(v/2 —s) sz\72s
f r(1+v/2—5s) (E)

7 (2) = ds,

- 2mi
L
rae L = (w — i, w + i), —Rev/2 < w < Rev/2. Cnenas 3ameny s = t + v/2, Haxoaum

1,1,v 1z (T + OT(=t) 272
=57 G) f oy @) W

Ly

rae L, = (w — i, w + i), —Re v < w < 0. CpaBuuBas nojy4deHHbii uaterpan ¢ 8.27(3) [2,
c. 168], mpuxoaum K NpeacTaBIECHUIO

2= (vs)

rae ¥ (v; z) — HenonHas ramma-dyskiwst [2, c. 294].
IIpu 0 = 3/2,v = —1/2 u3 (6) c nomombto popmysl (3) MOXKEM 3amucaTh

“12 Vi ) T(u—3p/2 + 2ps) ’
L

rae L = (w — i, w + i), w > 1/4. Cnenas 3ameny 2s = t + 1/2, umeem

1 NO
203/2 N _ f ¢
zZ) = z~tdt,
—1/2 @) \/aniL I'(u—p+pt)
3

riae Ly = (w — ioo, w + i), w > 0. CpaBHuBas nonydeHnoe npejacrasienue ¢ (1.124) u (1.140)
[14, c. 23, 25], Haxoaum

VZ)2 1 (2) = V2m g(—p,u — p; —2),
rae ¢ (a, B; z) — dyuxums Paiira [17].

3AKJTIOUEHUE

B paborte nokazana cxonuMoCTh HHTErpasia MennuHa-bapHca 171 0JHOT0O YacTHOTO ciyyas
bynkuun @oxkca. [TonyyeHsl npeacTaBiaeHus paccMaTpuBaeMoil GyHKIIMH B BHJI€ CTEIIEHHBIX
ps0B, €€ acCUMNTOTHYECKOE IOBEJEHUE IMPHU OOJBIIOM M MalloM 3HAUYEHUSAX apryMeHTa.
[Toxa3aHo, 4yToO B TepMHHAx HccieayeMoi (YHKIMU MOTYT OBITH 3alUCaHbl HEKOTOpbIE
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M3BECTHBIE (DYHKIIMH, B YACTHOCTH, SKCIIOHEHI[HAIbHAS (DYHKIIUS CO CTENIEHHBIM MHOKHUTEJIEM,
HenosHas ramma-¢yHkuus, Gynkuus Paiita. IlonydyeHHble pe3ynbTaTel OyIAyT MOJE3HBI IpU
UCCIICIOBAaHUM CBOMCTB pEIIEHUWH BBIPOXKAAOIIUXCS NapaOOJIMYECKUX YpaBHEHUH ¢
IPOU3BOJHBIMU IPOOHOTO MOPSKA.
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