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Abstract. The intention of this paper is to introduce and study certain new analytic spaces in disk and
to show that certain Blaschke type products belong to such so called new large Nevanlinna type classes in
the unit disk. These results extend and complement some previously known assertions of this type
obtained earlier by other authors. Our result may be used to get parametric representations of these large
spaces of area Nevanlinna type via infinite B, products.
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1. INTRODUCTION, BASIC DEFINITIONS AND HISTORY OF PROBLEMS

Assuming that D = {z € C: |z| < 1} is the unit disk of the finite complex plane C, T is
the boundary of D, T = {z € C: |z| = 1} and H(D) is the space of all functions holomorphic
in D, we introduce the following classes of functions

NeD)={feHD):T(t,H< (1 —-1)™% 0 <7< 1 a=0}

where T(z, f) is classical Nevanlinna characteristic defined by T(z, f) = %leonglf(rf)ldf,

where at = max{0,a},a € R, (see [1]). It is obvious that if @ = 0 then N;°(D) = N(D), where
N (D) is the well known classical Nevanlinna class (see [1], [2], [3]).
Let f € H(D), then we define
1

1 =
Mp(fr T) = E(Llf(rf)lpdm(f)>pi rE (O, 1)1 pE (01 OO),

where by m(&) we denote the normalized Lebesgue measure on T. Also, by m, (&) we denote
standard normalized Lebesques area measure.
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Everywhere below, by n(t) = n(t) we denote the quantity of zeros of an analytic function f
in the unit disk |z| <t < 1 and by Z(X) the zero set of an analytic class X,X c H(D). By let
{z, }r=, be a sequence of numbers from D, below we mean that {z, };—, is an arbitrary sequence
from unit disk enumerated by it is growth (|z,| < |zx41| <...) according to it is multiplicity.

Let further

1 14
NG (D) = {f e HD): | ( j| @ - |z|)“dm2(z)> (1-R)PdR < oo};
0 Z|<R

R p
Nz, (D) = {f € H(D): sup ( j ( j 1n+|f(Z)Id€> (1- |z|)“d|z|>(1—R)ﬂ1 < oo},
0 T

0=<R<1

where it is assumed thata > -1, > —1, f; = 0and 0 < p < oo, and let

0<t<|z|

1 p
NP.V.B(D)={fEH(D): [ (1—|z|>ﬁ< sup T(r,f)(l—r)y> d|z|<oo},
0

wherey >0, > —1, p € (0, ).

We refer for basic properties of these new large are Nevanlinna spaces to [4] — [8]. We note
that in these papers various results on zero sets and parametric representations can also be seen.
Note similar, but less general results can be seen in various papers of various authors, we refer,
for example, to [2], [3], [9], [10], [12].

Note that various properties of Nf('f’(D) = SP are studied in [9]. In particular, the works [2],
[9] give complete descriptions of zero sets and parametric representations of N;f’ (D) (in [2] for
p = 1). Thus it is natural to consider the problem of extension of these important results to all
N, 7 (D) analytic classes.

It is not difficult to verify that all the above mentioned area Nevanlinna analytic classes are
topological vector spaces with complete invariant metric. We note that the mentioned problem
of parametric representation has various applications and are important in function theory (see
[2], [3], [11]).

Solution of many problems for example the existence of radial limits is based also on
parametric representations. Parametric representations are used also in spectral theory of linear
operators (see [3], [11]).

Main theorem of this note lead to parametric representations of our new area Nevanlinna type
spaces.

We introduce now another infinite product which is the main object of this note. It is
known that (see [3]) the following assertion is true. The infinite Blaschke type product
By (z,{z;}),a > —1

= z
B,(z,{z}) = B <1 — ;) exp(—Wa(z, Zk)), and
B INa+k+2)
Wa(z,$) = L T(@+ 2Tk + 1) %
e (YA =-x0)%dx  z\k E ot
X <(Ez) mT— <E> 0 (1 —x)%x* dx),z,f €D,
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is converges uniformly within D if and only if Y32 ,(1 — |z, |)**! < co0. Moreover it represents
an analytic function in D.

2. MAIN RESULTS

We formulate now main results of this paper.

Theorem. Let « > —1, p € (0,) and {z,}r~, be a sequence of complex numbers in the
unitdisk D suchthat 0 < |z, | < 1,k =1, ...

1) Let fol(l —7r)**P nP(r)dr < oo.

Then we have B,(z,{z}) € N, ;, a> -1, f 20

if0<ps1,“7“<t<2+“7“,

a+1

if 1<p<oo, 1+%<t<2+7

and the infinite product converges absolutely and uniformly within D.

2) Let fol(l — )" n(r)dr < oo.

Then we have B.(z{z.}) € Né’ﬁ,a >-1,>—-1t€(a+1,a+3) and the infinite
product converges absolutely and uniformly within D.

3) Let [ (1 — )" n(r)dr < .

Then we have B.(z,{zx}) € Ny, v>—1, ¥y >0, t € (y,y +2) and the infinite product
converges absolutely and uniformly within D.

Proofs of our assertions are based on the following propositions.

Proposition 1. Let f € H(D), B > -1,y =20, 0 < q < . Then

1

1 a q
(f (1 —7)P+r+Da (f10g+ |f(T€)|dm(€)> dT) <
0 T

1 q

<¢ f (1-1)F j log* If (D)1 - |2])Ydmy(2) | dr
0 |z|<T

Proposition 2. Let f € H(D),p =1, g € (0,), a>—-1, B>—-1,71=8 +%(a +1). Then

qa/p

f fl Qg P (= D% dm() | (=R R <o
0 Z|<R

if and only if
a/p

f (f (log*|f(rO])?P dm(€)> (1—|z))*dr < .
0 T

We define an extention of T(f,r) to T,(f,r) in a usual way (see [10-11]).
Proposition 3. Let f € H(D),q = 1 and p < s. Then
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1 p/s
( j TS (r, (1 - |z|)ad|z|> <

1 p
= Csf 1-r) ( sup Ty (p, f)(1 = |p|)y> dr,
0

0<p<r

for the following values of indexes:

a>-1,p, q s€(0,0),y=>0,7=(a+1)(p/s)—yp— 1.

Our assertions in particular extend certain results obtained earlier in [12] and they lead
directly to parametric representations of large area Nevanlinna spaces which we introduced in
this note. We will discuss this in our next papers.

Related interesting problems in the half plane may also be considered (see for example [13]
and various references there). Another complete version of this note with other results can be
seen in [14] and with complete proofs.
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VJIK 517.55+517.33 Hay4nas craths

HEKOTOPBIE 3AMEYAHUSA K IPOU3BEJIEHUAM
THUIIA BJIALIKE B IPOCTPAHCTBAX

TUITA HEBAH/IMHHA B EJIMUHUYHOM KPYIE'
P.®. IIAMOSIH , O.P. MUXHNY ?

! BpsiHCcKMit rocyaapcTBEHHBIN yHUBEpcUTeT MMeHH akaneMuka M.I'. IlerpoBckoro
241036, Poccus, bpsnck, yi. bexunkas, 14
2 benrpaackuii yHuBepcuteT
11000, Cepbust, benrpan, Cryaendeckas miomans, 1

Annomauus. B paboTe BBOAATCS HOBBIC MPOCTPAaHCTBA THNAa HeBaHIMHHA B €IUHUYHOM Kpyre U
MIPUBOJATCS HOBBIC YTBEPIKICHUS O MPHHAICKHOCTH OCSCKOHEUHBIX MPOM3BEACHUN THIIa bisiike 3TuM
MPOCTpaHCTBaM. PaHee moo0HbIe TEOPEMBI I ATHX KE OSCKOHEUHBIX MPOM3BEACHUMN OBUIA JOKa3aHbBI
pa3IMYHBIMU aBTOPaMHU B MEHEe OOMIHMX Kiaccax Tuna HeBaHHIMHA B eMUHUYHOM Kpyre. Harm Teopembl
MOTYT OBITh B JaJbHEHUIIEM HPUMEHEHBI JUISA TOJIYYCHHS HOBBIX MapaMETPUYECKUX MPEICTaBICHUN
YKa3aHHBIX HOBBIX IIUPOKUX KJIACCOB THIa HeBaHIMHHA B €IMHUYHOM KPYre 4Yepe3 YIOMSHYThIC HaMHU
OcCcKOHEUHbIE MPOU3BEICHNSI THA bisiike.

Knrouesvle cnosa. anamuthueckas (yHKIMS, MPOW3BEICHHE TuIa biisinke, mpocTpaHCTBa THIA
Hesannnana, xapakTepucTrka Trra HeBannnHHa, mapaMeTpHYECKUe MPEICTABICHUS

Cmamows nocmynuaa ¢ pedaxyuro 10.03.2022 Hpunsma x nyoauxayuu 15.04.2022
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