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Annomayua. Kpusas nemuuckara bepHymnm MoxxkeT OBITh HCIIONB30BaHA B MPHUKIATHBIX HCCIEHO0-
BaHMIX OYEPTAHMUH CKOJBKEHUS W (OpM reopu3myecKux MacCHBOB M MPHPOIHBIX OOBEKTOB, COMp -
JKEHUH TPAGKTOPUH MPSAMBIX U OKPYTJIBIX MyTeH, IBMKEHUH CTepKHE -IIapHUPHBIX KOHCTPYKLUH, paB-
HOBPEMEHHBIX TPaBUTALMOHHBIX JBMKCHUN MO KPUBOW JIEMHHUCKATHI U €€ XOpAe (TayTOXPOHHOCTB) H
ap. TouHoe onpeneneHne JUTMHBI AYTH JIEMHHUCKATHI CBS3aHO C HEOOXOIUMOCTHIO MCIIOIB30BAHUS HE-
HOJHOTO 3JUIMNTUYECKOro nHTerpana 1-ro poga (Hebepylerocs), 4To 3aTpyAHsAET IPOBEJCHNUE aHAIU-
THYECKUX pacueToB U Ap. lIpemyioxkeHHas 3jieMeHTapHas 3aBUCUMOCTD JUISl OIIPEAEIEHUS JUIMHBL 1YTU
JeMHHUCKaThl bepHyutn maet BecbMa Gimskoe coBmaaeHue (< 1-2 %) ¢ 6a30BbIMU JTaHHBIMH YHCIICH-
HOTr'0 pCIICHUA U PCKOMCHAYCTCA AJId UCIIOJIBb30BaHUA MPHU PCIICHHUU NPUKIAAHBIX 3a]a4 B pa3IMYHbIX
00JIacTsIX HAYKU M TEXHUKU.

Knrouesvie cnoea: xpusble 4-ro nopsaka, JJeMHUCKaTa bepHymiu, qnuHa Ayru JeMHHUCKAThI, 3JUIUII-
TUYECKHe UHTETpalibl 1-ro poaa, TayTOXPOHHOCTh KPUBOM
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BBEJJEHUE
CummerpuuHas anredpanyeckas KpuBas 4-ro HOpsKa, SIBISIONIASICS F€OMETPUYECKUM Me-
crom Touek C , U1 KOTOPBIX MPOM3BENCHHE PACCTOAHMIT UX (PaXHYC-BEKTOPOB) N ultl, or
JIByX HETOJBIKHBIX TOUCK Ha OJHOM mpsimoii — okycoB F, u F, paBHO mocTosiHHO# BenmnunHe
— KBazgpary (OKycHOro paccrosHust «a» (I -1, =a%), HasbBaeTCs Jemuuckamoti Bepuynnu

(puc. 1). BriepBbie 3Ta KpuBas (OX0Kasi Ha JIEKAIIYI0 «BOCBMEPKY», 3HAK OCCKOHEYHOCTH WU

NOBsI3KY) OblIa ucnosib3oBana 5. bepuymu (1694 r.), koTopslii u nan ei Ha3Banue [1].
Ouepranue IeMHHUCKATbl BepHYyIM ONMMCHIBAETCS HIKECIEAYIOIIMMU YPAaBHEHUSIMU COOTBET-

CTBEHHO B JleKapToBhIX koopauHaTax ( XOY) u B momspubIx koopaunarax (6, I)[2, 3]:

(x2+y2)2—2a2(x2—y2)=0; (1)
r = a+/2cos 26, 2

Trac r— paanyC-BCKTOp IMPU MOJIAPHOM YIIJIC 6, OTCYUTBIBAEMOM OT FOpI/IBOHTaJ'H:HOI\/'I OCH JIEM-
HUCKATBI IPOTUB JABUKCHUA JacoOBOM CTPCIIKH.
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Puc. 1. Pacuemnas cxema nemuuckamot bepuynnu

PaccmaTtpuBaemas JIeMHHCKaTa MOXKET HAaWTH NPAKTUYECKOE HCIIOIB30BAHUE B INPUKIIAJ-
HBIX HCCJIEIOBAaHUAX OUYEPTAHUN CKOJIBKEHHS OIOJI3HEBBIX Ie0()U3MUECKUX MACCHBOB, CKJIO-
HOBBIX (OpM, OEperoBbIX MPUMBIKAHUN BOJHBIX M JIEIHUKOBBIX NPUPOJIHBIX OOBEKTOB, CO-
NPSDKEHUH TPSAMBIX U OKPYTJIBIX TPAeKTOPHUI aBTO- M JKEJIE3HOJIOPOXKHBIX IMyTell U opOUTalIb-
HBIX CIYTHUKOB, JABM)KEHHMH 3-CTepKHEBBIX (4-IIapHUPHBIX) KOHCTpYKuMid. Kpome srtoro, Ta-

KO€ TayTOXPOHHOE CBOMCTBO HAKJIOHHOW JIeMHHMCKaThl bepHymnmu (Ha yron 7T / 4), KaK pas-
HOBPEMEHHOCTb I'PaBUTALIMOHHBIX ABUKEHUN OT y3J0BOM TOUKH « O» 1O KPUBOM JIEMHUCKATBI
U ee xopaM ([0 UX MepecevyeHuit), MoXKeT ObITh UCIIOJIb30BAHO B Pa3IMUHBIX 3aJadyax MeXa-
HUKHU, UTPOBBIX IIpOrpaMmax 1 Ip.

IIpu sTOM NIEeMHKCKaTa bepHYIIIN XapaKTepU3yeTcs CIEAYOUUMU CBONCTBAMU:

- pajiyc ONMMCaHHON BOKPYT JIEMHMCKAThI OKPY’KHOCTH paBeH a2 ;
- paauyc KpUBHU3HBI JIEMHHCKAThl B PACCMaTpPUBAEMON TOYKE C MOJSAPHBIMH KOOPAWHATAMMU

(0,r) pasen 2a®/3r;

- IUIOLIAJb SOE,:| , odepuMBaemasl Kax1oil (mpaBoii, jeBoii) meTyied JeMHHCKAaThl, paBHA

Seer = 8°;
KBa/IpaTy (POKYCHOTO PACCTOSIHUSL Opgr = A

- MOJLyJIH paJnyc-BeKTOpoB J1o paccMatpuBaembix Touek E, G, K, | ¢ Makcumansubivu
(aOCOMIOTHBIMM) 3HAYEHUSAMHU OPJIMHAT KPUBOI1 JIeMHUCKAThl bepHyiu paBHEl (OKYCHOMY pac-
CTOSHUIO I =TIy =TI, =1, =a;
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- abcuucchl MoayJteit paanyc-BekTopos o0 Touek E, G, K, | ¢ makcumansubsiMu (abco-
JIOTHBIMH) 3HAYCHUSMH OPJMHAT KPHBOW JIEMHHCKATHI PABHBI OMHON W TOH JKE BEIUYHHE

Xg ==X =—X¢ =X, =av3/2;

- MOJIYJTH MaKCUMAaJIbHBIX 3HAYCHUH OPJWHAT KPUBOM JIEMHUCKATHI PABHBI MTOJIOBUHE (POKYC-
HOTO pacCTosHUA Yy =Yg =—Y, =—Y, =a/2;

- nonsipubie yrobl Touek E w | pauet 6. =—6, =7 /6, a mna touek G u K pasnb
6, =—6, =5716.

Jlemuuckata bepHyiiM uMeeT Be HakJIOHHBIC (IO yrjoM 77 /4) B3aMMHO TEPICHIUKY-
JSIpHBIE KacaTellbHbIe, IepeceKaromuecs B y31noBod Touke O: X+y=0wu x—y=0.

Kaxk u3BectHO [2], n1MHa 1yrv JEMHUCKATBI L(G) B | kBazgpanrte ( AB ), oTcUuTHIBaEMON OT

TOPU3OHTAILHON OCH, ONpeeNnsieTcs o GopMyie sl MOJISIPHBIX KOOPAUHAT:

L(6) = [ \r* +17do, 3)

B KOTOPOIi MOJIAPHBIHA yron € usmensercs B unteppane ot 0 B Touke A 1o 77 /4 y3J10BOU
Touke O, Toecth 0<@0<rx/4.

B dopmymne (3) mpoussoanas paamyc-BeKTOpa I, pacCMATPHBAEMOW TOYKU HAXOAUTCS UG-

bepeHmpoBanueM ypaBHeHus (2), IpeBapUTEILHO BO3BES €ro B KBajpar, B Bue [3]:
r=av2cos26; (r’) =(2a’-cos26); r-r,=-2a’sin20 ;

. 2a’sin2
P a“sin 49. @)

r

[loncTaBsis MONMyYeHHOE 3HaYeHne I, u3 Gopmyunsl (4) B ypaaenue (3), HOIydnm:

2 2 42
L(H):.[oe r2+(_23 sm2¢9} dezj'og\/r2+4a SIL’I 20, _

r r

2a®cos26

0 4a*sin®2a sin? 2a
—[".J2a%cos260+ 222" “Zdg=a2 \/cos 20+ —a2
Io\/ -[ 2 I »\/0032

niIn

L(H)zaﬁj «/_J‘

de
. 5
\/cosz J1-2sin% @ ©

Bomonaus B (5) 3aMeHy mepeMennoit B Buge 2Sin° @ = sin® ¢, mocie npeobpazosanmii [2]

NMCECM.
) 1. ) 1 . 1.
sin? @ = =sin? . sin@=—=sing- cos¢9=‘/1——sm2 :
2 @ 3 ﬁ ¢1 2 ¢ 3
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. 1
(in0)'=| Zsing | C0s0d0 = —=cospdp ;  do- . C0S¢de

V2 V2 /1—;sin2(p

MOJICTABIISAS KOTOPBIE B (D), MOJIy4YUM TOUHYIO (GOpMYIy Ul ONpPEeAEICHUs JUIMHBI IyTH JIEMHHC-
karsl bepHyiuu B BUzie

L(e):ajo‘”d—g":a-F((p,z)za.F o |. (6)
’1—;sin2(p ( ﬁ)

B dopmysne (6) F(go,/l) — HEMOJIHBIM SJUTMNTHYECKUNA MHTErpai 1-ro pojaa mpu Mojyse

1 .
A = ——= W aMIUIUTyzle @, paBHOU

2
Q= arcsin(\/f-sin 0). (7)
ITpn 5TOM MoNHAs JUIMHA «IOIYIETIN» JeMHUCKAThl L, , Oyner paBHa

712 dgp

I—AEo :ajo 1
‘/l—sinz
2 @

rae K(1)=K (1/ J2 ) =1.854 — NOJHBIA SIUIMITHYECKHI MHTErpa 1-ro poaa npu moayie A
[4, 5].

=a-K(4)=a-K(1/2)=1854a,

ITOCTAHOBKA 3AJJAUM

OnepupoBaHue 3HaU€HUEM (HEOepyIlIerocs) HEMOIHOTO AUIUITHYECKOro uHTerpaia F ((p, /1)

MIPU aHAIUTUYECKUX NPE0OPa30BaHUAX U PEHICHUAX NMPAKTUYECKUX MPUKIIAIHBIX 3a/1ad CBA3aHO
C TPYIOEMKHMHU MAaTeMAaTUYECKUMU I10JCYETAMH, IEPEKPECTHLIM HEJIUHEHHBIM UHTEPIIOJIUPOBA-
HUEM JaHHBIX CIeHUalbHBIX Ta0bnul, rpagukoB U aAp. HecMoTpst Ha uMeromuyecs B HACTOsIIEe
BpeMs Pa3In4HbIC BBIYMCIIUTEIBHBIE IIPOrPAMMBI, KOTOPBIE IMO3BOJIAIOT PACCYUTATh OTIAEIBHBIE,
JMCKPETHBIC 3HAYCHUS 3TUX MHTETPAJoB (IAIOT PEe3yNIbTAaThl B yu@dpax), aHATUTUYCCKUE pelie-
HHS TO-TIPSKHEMY BOCTPEOOBAHBI, MOCKOJIBKY TAOT Pe3yJibTaThl B cHUMBOJAX ((popmynax) u
UMEIOT OOJIBIIME BO3MOXKHOCTH TI0 BBISBICHHIO BHYTPEHHHX (DU3MYECKUX MNPUYNHHO-
CJIICICTBEHHBIX CBS3€H B PEIIAEMbIX 3aJayaxX U IOCIEAYIOLIEMY UX UCIOJIB30BAHUIO B MaTeMa-
TUYECKUX MPEoOPa30BaHUSIX.

B cBsA3U ¢ U3JI0)KEHHBIM Ha OCHOBE aHAJIM3a paHee MOIYYCHHBIX PE3yIbTaTOB IO IIPEICTaBIIe-
HUIO DJUTMITHYECKUX UHTETPAJIOB B AJIEMEHTApHBIX QYHKIMAX [6—8] Hibke mpeanaraercst ympo-
LICHHAs pacyeTHas 3aBUCHUMOCTb [UIl HAXOXICHUSA HEIOJHOIO JJUIMIITHYECKOrO0 HMHTErpaya

F (¢, %] B paCCManI/IBaCMOﬁ 3aga4€ B BUAC

F(¢,%j20.31ﬂ-¢)(1+ 0.125-9), (8)

r7ie aMIUTATY1a (p(«9) HaxoxuTcs 1o ¢opmysie (7) B 3aBUCMMOCTH OT 3aJaHHOW BEITMYHHBI

MOJISIPHOTO yria 6.
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OCHOBHBIE PE3YJIbTATBI

B Hmkecnenyromneld Tabiuie NpUBOAUTCS CPABHEHUE 3HAYCHHUN HETIOIHOTO JUIUITHYECKOTO

1 .
uHTerpana F ((p,— 1o npemiaraemoii popmyiie (8) ¢ 6a30BbIMU JaHHBIMH YHCIICHHOTO pe-

2

N 0
IeHus (C yKa3aHHeM 3Ha4YCHHMI OJIPHOTO yIiia B rpagycax 6, = —-180°).
T

Tabnuua

CPABHEHUE 3HAUEHUI ITO ITPEJUTATAEMOM ®OPMVIJIE (8) C BA30OBBIMU JJAHHBIMU

Henonsslil 35munTu4ecKuit

[omspuslit yron AMHJgITyI[a unrerpan 1-ro poa F ( o1/ ﬁ )

o 0, 0a3oBbIe [0 aBTOPY %

(B pan.) (B rpajL.) JTAHHBIE (8)

0 0 0 0 0 -
0,087 5 0,124 0,124 0,122 -1,23
0,174 10 0,248 0,249 0,249 -0,10
0,262 15 0,375 0,379 0,382 +0,77
0,349 20 0,505 0,516 0,523 +1,37
0,436 25 0,641 0,663 0,674 +1,69
0,524 30 0,785 0,826 0,840 +1,69
0,611 35 0,946 1,017 1,030 +1,33
0,698 40 1,141 1,263 1,270 +0,53
0,750 43 1,303 1,480 1,476 -0,27
0,768 44 1,383 1,590 1,580 -0,65
0,785 45 1,571 1,854 1,830 -1,29

BbBIBOJIBI

Kak cnenyer u3 TaOnuibl, 3aBUCUMOCTD (8) MO3BOJIIET MPSIMBIM PacuyeTOM M C JOCTaTOYHO
BBICOKON TOYHOCTBIO (< 1-2 %) HaxoIuUTh 3HAYEHHUS HEMOJHOTO AJUIMINTHYECKOT0 HWHTErpala

1-ro poma F [gp, i) . Ipu 9ToM nmHa gyru nemuuckatel bepaymm L(6) Ha yusactke AB ot

2

ocu OX BbIpa3UTCS B OKOHYATEIHHOM BUJE POPMYJIIOit
L(0)=0.31r-a-¢(1+0.125-¢). 9)

HHI/IHa AYyTU MCXKAY ABYMA IIPOU3BOJIBHO PACIIOJOKCHHBIMU TOYKAMH JICMHUCKATBI HAXOAUT-
CA KaK pPasHOCTb MCXKAY 3HAYCHUAMH JJIIMH Ay, OTCUUTBIBACMBIX OT OCH KOOpJAMWHAT Ox JUIA
Ka)KHOﬁ N3 3THUX TOYCK B OTACIBHOCTH.
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LENGTH OF LEMNISCATA BERNOULLI ARC
K.N. ANAKHAEV

Institute of Applied Mathematics and Automation —
branch of Kabardino-Balkarian Scientific Center of the Russian Academy of Sciences
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Annotation. The Bernoulli lemniscate curve can be used in applied studies of the shape of sliding
and the shape of geophysical masses and natural objects, conjugations of trajectories of straight and
rounded paths, movements of rod-hinge structures, equal gravitational movements along the lemniscate
curve and its chord (tautochronicity), etc. The exact determination of the length of the lemniscate arc is
due to the need to use an incomplete elliptical integral of the 1st kind (ungraspable), which makes it
difficult to carry out analytical calculations, etc. The proposed elementary dependence for determining
the length of the Bernoulli lemniscate arc gives a very close coincidence (< 1-2%) with the basic data
of the numerical solution and is recommended for use in solving applied problems in various fields of
science and technology.

Keywords: 4-order curves, Bernoulli lemniscate, length of lemniscate arc, elliptic integrals of 1 ge-
nus, tautochronicity of curve
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