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B Oannoii pabome uccnedyemcs nenoxanvHas Kpaeeas 3aoaua O0jis 0000WeHHO20 menespagpHo2o
VpasHeuus ¢ NPouU3B0OHbIMU OPOOHO20 NopsaoKa. [[pobroe Jughdhepernyuposanue 3a0aemcsa ¢ NOMOUbIO
onepamopa Kanymo. Ypasnenue paccmampusaemcs 8 02paHuyenHol npsamoyeoIbHOU 001acmu niocKo-
Ccmu 08YX He3a8UCUMbIX nepemeHHbIX. Henoxanvhuvle Kpaegvle yciogus 3a0ar0mces 8 popme 4acmHuix uH-
MeSPANbHBIX 8bIPANCEHUL OM UCKOMO20 PEUeHUss N0 KANCOOU U3 NEPEMEHHBIX ¢ 3A0AHHbIMU HENPepPblE-
HblM s0pamu. Hcnonv3ya nonyyennoe panee npedcmasgienue peutenus 3a0aqu I ypca 0ns uccredyemozo
VpaeHeHus. 6 mepmuHax gynkyuu muna Patima, paccmampusaemyio 3adauy yoaemcs pedyyupoeams K
cucmeme TUHEHbIX UHMeSPATbHbIX YpasHeHuti Borbmeppa omuocumensHo cied08 ucKomMo2o peuleHus Ha
yacmu epanuybl obiacmu. B umoee 0oxkazana meopema cyujecmeo8anus u eOUHCMEEeHHOCMU PeuleHuUs.
uccnedyemou 3a0a4u, HadeHo e20 npedcmasieHue 6 MepMUHAX peuleHutl NoIY4eHHOU CUCmeMbl UHNe-
2PANbHBIX YPAGHEHUI.

KiroueBble cjioBa: HelokaJdbHas 3agada, npousBoaHas Kamyro, apoOHoe TenerpadHoe ypaBHEHHE,
WHTETpalIbHOE ycIoBue, GyHKIHS Tuma Paiirta.

1. BBEJIEHUE

Bo6mactu D = (0,a) X (0,b), 0 < a < o, 0 < b < 00, pacCMOTPUM ypaBHEHHUE

0808 u(x,y) + u(xy) = f(x¥), )

rrea, f €(0,1), 1€R, 62;5 — npousBoaHas KamyTto nopsiaka y no nepeMeHHou S, onpenense-
Masl C TOMOIIbI0 paBeHcTBa [1; C. 11]

r.g(s)=D"g™(s), n—1<y <nneN, (2)

Dg ¢— oreparop 1po0HOro uuTerpo-guddepeHnuposanus B cmbicae Pumana — Jlmysumnns nops-
Ka y ¢ HayaioM B Touke 0 mo nepemeHHoit $>0, onpeneneHHblii cneayromum oodpasom [1, ¢. 9]:
1

r(=y)

DY f(s)={ f(s), y =0,

fs G ¥y <0,

0 (S—V)y+1 4

(L) b r(s), y>0.

VYpaBHeHUs IpOOHOrO MOPSAIKAa BOHUKAIOT NMPH MAaTeMaTHYECKOM MOIEITUPOBAHUM pa3iIvy-
HBIX TIPOLIECCOB U SIBJICHUM B cucTeMax ¢ (hpakTanbHON CTPYKTYPOU U MaMSThIO.
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OB OJTHOM HEJIOKAJIbHOIM KPAEBOI 3AJIAYE C UHTEI'PAJIbHBIMU YCJIOBUAMU
JJIA JIPOBHOI'O TEJIETPA®HOI'O YPABHEHMA

PacnipoctpaHeHue 3J1eKTPOMAarHUTHBIX BOJH B JIMHUSX OMHCHIBACTCS BOJHOBBIMH YpaBHEHH-
SIMH, KOTOPBIE HCTOPUYECKH HA3BIBAIOT TeJIerpa()HBIMU YPAaBHEHUSMHU, TIOCKOIBKY BIIEPBBIC OHU
OBLIN MCIIOJIb30BaHBI JIJISl ONICAHUS BOJH B TeJIETpapHBIX JTMHUSX.

B nHacrosimee BpeMsi M3BECTHBI Pa3IMYHBIC MOAXObI K 000OIMICHHIO Telerpad)HOTO ypaBHe-
HUs, BKIIFOYAs TIOJXO/bI, OCHOBAaHHBIC HA PEIYKIIUU K YPAaBHEHUSM U CHCTEMaM MEHBIIETO I10-
paaka (cwm., Harpumep, [2, 3, 4]).

Panee B pabote [5] m0Ka3aHa Teopema CyIIECTBOBAHUS U €IMHCTBEHHOCTH PEIICHUs aHaiora
3agaun ['ypca ist ypaBaenus suaa (1) ¢ mpousBoaubivu Pumana — JInyBusuis. B pabore [6] mist
ypaBHeHwust (1) B ciiyuae oneparopa Pumana — JluyBuiist u A = 0 pacCMOTpEHbI aHAJIOTH 3a/1a4H
Komm u 3amaun ['ypca. B pabote [7] pemren anamor 3amaun ['ypca ¢ MHTETpalIbHBIM YCIOBUEM
st ypaBaenus (1). A B pabote [8] pemena 3amaua ['ypca mist ypaBaenus (1). bonee momHbIi
0030p paboT, MOCBSIIEHHBIX UCCICIOBAHUIO YPABHEHUH B YACTHBIX MPOU3BOAHBIX IPOOHOTO MO-
psaka, MoxkHO Haitu B [9] u [10].

B naHHOI paboTe CTPOUTCS pelleHHE HEIOKAIBHOW 33aJjaud C MHTETPAbHBIMHU YCIOBHSIMH
st ypaBHenust (1).

2. IIOCTAHOBKA 3AJJAUN

Peeynapuoim pewenuem ypasuenus (1) B obmactu D = (0,a) X (0,b) Oyaem Ha3bIBaTh
¢ynkuuo u(x,y), abcomoTHo HenpepbiBHY0 B D(cM., Hanpumep, [11, c. 246]), ynoBieTsops-
rornyro ypaBHenwuio (1) Bo Bcex Toukax (x,y) € D.

B cBs13u ¢ TeM, YTO CyNIECTBYIOT Pa3HbIC MOAXOMIBI K ONMPEACICHHIO aOCOTIOTHON HElPEepPhIB-
HOCTH B MHOTOMEPHBIX CITydasiX, Mbl [TO3BOJIUM JaTh ce0e CIIeAyIoIee Onpee/icHue:

@Oynkmus F(x,y) HazpBaeTcss aOCOJNIOTHO HEMPEPBHIBHOW (DYHKIMEH IBYX NEpEMEHHBIX
(x,y), ecu @(5), onpenensiemas popmyioi (53) (cm. [11])

@(8) = F(x2,y2) — F(x1,y2) — F(x3,¥1) + F(x1, 1),

€cTb a0COIIOTHO HeNpepbIBHASA (PYHKIUS IPOMEXKYTKOB U ecid, kpome Toro, F (c,y)u F (x,d )
— abCOJFOTHO HETIPepBIBHBIC ()YHKIINHU Y U X.

Takum 00Opa3zom, Besikast aOCOMIOTHO HenpepbiBHAS QyHKIHS F (X, y) MOXKET OBITh MPECTaB-
neHa popMysoi

x ¥ X y

F(x,y) =]jf(s, t)dsdt+jg(s)ds+Jh(t)dt+F(c,d).
d d

c c

Bagaua. Haiumu peeynspnoe pewenue ypasuenus (1), yoosremeopsiowee ciedyiouum
VCAOBUSIM

b
jM(x,y)u(x,y)dy = 17(x), 0 <x <aq, 3)
0

a

j K yu(uy)dx = n(y),  0<y <b, @
0

20e M(x,y), K(x,y), ©(x), n(y) —3adannvie ¢pynxyuu, npuuem M(x,y) £ 0, K(x,y) # 0.
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3. OBO3HAUEHUA
[TpumeM 0603HaAUCHHS
Woo(x,y) = x#7 1y~ lel ,(—Ax%yP), (5)
rae

ZTI.

eo’:’fﬁ(z) - ;F(an + WI(pn + v)

— ¢yukius tuna Paiira [9, €. 23].

N3 ompenenenust Gpopmyibl apodHOro nuddepeHnupoBanns (MHTETPUPOBAHUS) CTEIEHHBIX
bynkmwmii [9, ¢. 15]

o 46-1 ~ S 8-u-1
2r@) I —w

cnenyer, uro aus ynxuuu W, ,(x,y) cipasennubl GopmyJibl

Dgxmt,v(xr y) = Vl/u—s,v(x' y), Dgy%,v(x’ y) = Vl/u,v—e(x’ ¥),

rnec €R, u>0,v>0.
B cuity 3THX paBEHCTB MOXKEM 3aIHCaTh, YTO

DoxWap(x,y) = Wop(x,y), ny Wap(x,y) = Wgo(x,y).
C nomorupto Gpopmyiisl aBToTpanchopmaryu [9, €. 24]
v-1

xtly
W (6, y) = =AWyiavip(,y) + I

MOJIy4aeM, 4TO

WO,ﬁ (x' y) = _)LWa,Z[)’(x' }’), (6)
Wa,O (X, y) = _)\WZa,B (X, }’) (7)

4. TIPEJICTABJIEHUE PELLIEHUS
[Tycte u(x,y) — perynsproe peuienue ypasHenust (1). Torna ¢ yuetrom paBercts (6) u (7)
u(x,y) MOXHO TpeicTaBUTh B Bu/e [8]:
u(x,y) = ¥x) + o) =YW, (x,y) —

X y
—A j Y($I)Wqps1 (x —5,y) ds — AJ P(OWqi1p (x,y — D)dt +
0 0

x Y
+ f(s,OWup(x — s,y — t)dtds, (8)
/]
rae P(x) = u(x, 0), p(y) = u(0,y).
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Yrobsl onpenenuts Gyukimu P(x) u @(y), Bocnoab3yemes yciaosusmu (3) u (4)
TBOpsis npezcraBieHue (8) HemokanbHOMY yCinoBuio (3) ¢ yuetom (5), morydnm

b b b
e f M(x,y)dy + f M(xy)p()dy — (0) f M(x, y) Wi (x, y)dy —
0 0 0
b X
- f M(x,y) f Y(S)Woge1(x — s, y)dsdy —
0 0

b y
) f M(x, y) f 0(O) Wisr g,y — D)dtdy +
0 0

b x ¥
+ | M(x,y) f(s,t) Wep(x — s,y — t)dtdsdy = t(x).
fren]]

[TomeHsIB OPSAOK UHTETPUPOBAHUS U3 paBeHCTBA (9), moTydyuM

b b b
w(x)fM(x,y)dy+fM(x,y)w(y)dy—w(O)fM(x,y)Wl,l(x,y)dy—
0 0 0
X b
2 [ W) [ MG) Wepon e = 5,3)dyds -
0 0
b b

) f o(0) j M(x,y) Warr g (x,y — Odyde +
0 t

b x Y
+ -Of M(x,y) ! ! f(s,t) Wep(x — s,y — t)dsdtdy = t(x).

BBenem o0o3HaueHU:

b
7 (x) = f M(x,y)dy,
0
b
M, (x, ) = j M(x, ) We gaa (x = 5,)d,
0
b
My (x, £) = f M(x,y) Werr 506y — )y,
t

b
() = t(x) + $(0) f M(x, Y)Wy 1 (x,y)dy —
0
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b x Y
—J.M(x,y)fff(s, t) Wep(x — s,y — t)dsdtdy.
0 00

C yderoM crenaHHbIx 0003HaueHui u3 Gopmysl (10) nmeem

YT (x) - 4 f W(s)My (x,)ds +
0

b b
n f Mz, y)o()dy — A f 0(6) My(x, O)dt = q(x),
0 0

ITycTh M (x) # 0. Torna 0603Ha4uB e1e

M, (x, M(x,
M3(x,s) = #, My(x,y) = 1\71(9293)})'
M, (x,

U3 MMOCJICAHECTO COOTHOLICHUSA ITOJTYyIUM

Y - A f Y()Ms Cx, 5)ds +
0

b b
t ] M,y (x, ) () dy — A f (6 Ms (x, )t = Q).
0 0

AHaOru4HBIM 00pa3oM, yJIOBIETBOPsIS IpeacTaBieHue (§) yciaoBuio (4), moixydaem, 4ro
y

) — lf P()K5(y, t) dt +
0

a a

+ f Ky (x, ) (0 dx — A f P(s)Ks(s,y)ds = F(),
0

0

rac
Fy) = % () f Ky (X, ) Wa 1 (x, ) dx —
a x Y

— f K,(x,y) f f f(s,t) Wep(x —s,y — t)dsdtdx,
0 00

R () = f K (x,y)dx,

0
a

Ky (y,£) = j K, ) Wsr 5 Gy — 0)da,
0
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a
K(5,) = [ KGy) Wpaa G = 5,92,
S
Kl (y; t)
Ky
npu yciosuu, uto K (y) # 0.
TakuM 06pa3soM, Mbl HOIYYMIIM CHCTEMY MHTErpalbHbIX yPAaBHEHUH OTHOCHUTENHLHO HEU3-

BecTHBIX GyHKIMA Y (x) u @ (y):
(

K(x,y) K;(s,y)

K, 0) = %w’ Ks(53) =

K4(x) y) =

Y@) - A f WM, (x, 5)ds +
0

b b
+fM4(x,y)<p(y)dy - Af o(t) Ms(x, t)dt = Q(x),
0 0
< (11)
y
o(y) - 1 j o(OKs(y, ) dt +
0

a a

N f Ky, y)p(x)dx — A f W(s)Ks(s,y)ds = F(y),
\ 0

0

KOTOpasi OJIHO3HAYHO pa3pelinMa OTHOCHTEIILHO HCKOMBIX (yHKIwii P (x) u ¢(y).
Iycts R(x,s,A) — pe3osibBeHTa sifipa M5(x, s), aV (y,t,A) pesosnbBeHTa siapa K3 (y, t).
Torna cucremy (11) MOKHO mepenucaTh B BUIE
( X
Y = Q) + A [ Qi) RG,s, ds
" (12)

y
o) = F,() + j FL () V. t, )dt,
\ 0

rac
0:(0) = Q(x) — [ My, YoM dy + A [ o (t) Ms(x, )dt,

Fi(y) = F) =[5 Ko(o,y)p(x)dx + A [, Y(s)Ks(s, y)ds.
Teopema. Ilycms f(x,y) € C(D) u npeocmasuma 6 ude
fGy) =D& Dy, g(x,y),
20e g(x,y) € L(D), n(y) € AC[0,b], t(x) € AC[0,a] u M(x,y) € L(D), K(x,y) € L(D). To-

20a cywecmeyem eouncmeennoe peayispHoe pewenue ypaenenus (1) 6 oonacmu D, yooeremeo-
psrowee kpaesvim ycrosusm (3) u (4). Pewenue umeem 6uo

ulx,y) = Px) + o) —pO)W,1(x,y) —
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X y
) f Y(s) Wi gar (x — 5,)ds — 4 f 00 W 56,y — )t +
0 0

x ¥

+ f f f(s,O)Wep(x —s,y — t)dtds, (13)
00
20e (y) v Y(x) saersromes pewenuem cucmemol (12).

5. JIOKA3ATEJILCTBO

IMoacrasisst Halinenusie 3HaucHus Y (x) u @ (y) B coorHomenue (9), HOIydUM, YTO pEIICHHE
umeet Bu (13). Y3 coornomenus (13), B 4aCTHOCTH, CIIEAYET €AUHCTBCHHOCTH pemeHus u(x, y)
s 3agaan (1), (3), (4).

To, uro pyukuus u(x,y), npeacrasiennas B Buiae (13), sABIAETCA MCKOMBIM PELIEHUEM IS
ypaBuenus (1), caemyer w3 yciaoBUM, HAJOXCHHBIX Ha MPaBYI YacTh M KpPAcBbIC YCIOBHUS, a
takxe u3 Gopmyn nuddepeniuponanus (6), (7). DTo 3aBepIaeT 10Ka3aTeIbCTBO TCOPEMBI.
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ON A NONLOCAL BOUNDARY VALUE PROBLEM
WITH INTEGRAL CONDITIONS
FOR A FRACTIONAL TELEGRAPH EQUATION

R.A. PSHIBIKHOVA

Institute of Applied Mathematics and Automation —
branch of the FSBSE “Federal Scientific Center
“Kabardin-Balkar Scientific Center of the Russian Academy of Sciences”
360000, KBR, Nalchik, Shortanov street, 89 A
E-mail: ipma@niipma.ru

In this paper, we study a nonlocal boundary value problem for a generalized telegraph equation with
fractional derivatives. Fractional differentiation is specified using the Caputo operator. The equation is
considered in a bounded rectangular domain of the plane of two independent variables. Nonlocal bound-
ary conditions are specified in the form of partial integral expressions from the desired solution for each
of the variables with given continuous kernels. Using the previously obtained representation for the solu-
tion of the Goursat problem for the equation under study in terms of the Wright-type function, the prob-
lem under consideration can be reduced to the system of Volterra linear integral equations with respect
to the traces of the desired solution on the part of the boundary of the domain. As a result, a theorem on
the existence and uniqueness of a solution to the problem under study is proved; its representation is
found in terms of solutions to the resulting system of integral equations.

Keywords: non-local problem, Caputo derivative, fractional telegraph equation, integral condition,
Wright-type function.
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